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The posedness of extending a band-limited image known only within a cone is considered. The problem is globally
ill posed in the sense that the output-error energy cannot be bound over the entire unknown image region corre-
sponding to a given input-data error energy. We demonstrate, however, that the problem is locally well posed in
the sense that, within a finite area of the unknown image region, the error can be bound.

The following band-limited image-extension problem
occurs in reconstruction of a tomographic image with
limited-angle input: A two-dimensional band-limited
image u(x, y) is known within the shaded cone shown
in Fig. 1. The extension problem is to determine the
image elsewhere. We assume that we have knowledge
of the image’s bandwidth.

An excellent overview of the problem and possible
solutions is given by Tam and Perez-Mendez.! An it-
erat;ivze process for the problem solution is given by Sato
et al.

As was correctly pointed out in Ref. 1, the problem
is ill posed. The inverse operator for restoration is not
continuous. That is, small errors in the data can gen-
erate unbounded effective error in the solution.>-8

We can easily demonstrate that the problem is ill
posed by finding a sequence of appropriately band-
limited functions that have an ever-decreasing per-
centage of their energy in the shaded cone approaching
zero. This test, used by Wiley,® is equivalent to dem-
onstrating that the truncation operator norm is zero,
thus prohibiting well-posed inversion.48 Any number
of band-limited functions shifted up the y axis in Fig.
1 demonstrate this property. Note also that the prob-
lem can be viewed as a continuum of one-dimensional
vertical (ill-posed47) extrapolations.

The definition of ill-posedness is global. That is,
error everywhere within the unshaded cone is consid-
ered. It is possible to bound the error within a specified
finite area in the unshaded cone, thus demonstrating
that a globally ill-posed problem can be locally well
posed.

Consider the one-dimensional slice on the (x, y) plane
in Fig. 1, corresponding to y = n. If u(x, y) is band
limited, then the one-dimensional function corre-
sponding to u(x, n) is also band limited.® Therefore we
can apply an algorithm such as Gerchberg’s®-13 to in-
terpolate u(x, n) within the unshaded area. Interpo-
lation is well posed.4#14 Thus the interpolation error can
be bound for a given input-data error. The one-di-
mensional bandwidths of all the horizontal slices of u(x,
y) are identical, say Q,.2 The ratio of the data-error
energy to interpolation-error energy is less than (1 —
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Vv No) 71,1516 where A is the largest eigenvalue of the
prolate spheroidal wave-function integral equation,!?

Mtn) = Qs " Y (Dsine 0z - D,

where sinc(x) = sin(wx)/(wx) and a is the cone param-
eter (see Fig. 1).
The eigenvalue Aq is bound,

0< A <1,
and is a monotonically increasing function of18
¢ = wan.

Thus, as expected, the output-to-input-error ratio
bound (1 — v/Ag)~! increases with . Since \g — 1 as
|n] = =, the global ill-posedness of the problem in this
analysis arises from the error bound’s growing without
limit for large |y|. The problem, however, is locally well
posed in the sense that the error in any finite area can
be bound.

y = -x/a
y = x/a

Fig. 1. The band-limited function u(x, y) is known within
the shaded cone. The extension problem is to evaluate the
image in the unshaded cone.
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