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I I. INTRODUCTION 

This  paper  con t inues  f u r t h e r  r e s u l t s  on t h e  a n a l y s i s  of a  cont inuous  
l e v e l  n e u r a l  networks proposed by Marks [ I ] .  The n e t  s t o r e s  cont inuous  l e v e l  
l i b r a r y  v e c t o r s  i n  t h e  n e u r a l  i n t e r c o n n e c t s .  When a  p o r t i o n  of a  l i b r a r y  
vector  i s  imposed on a  subse t  of t h e  neurons,  t h e  networks i t e r a t i v e l y  
e x t r a p o l a t e s  t h e  remainder.  Nguyen and Holt  [2 ]  have sugges ted  u s i n g  
s t o c h a s t i c  p roces s ing  t o  implement t h e  network. O p t i c a l  a r c h i t e c t u r e s  have 
a l s o  been proposed [ 3 ] .  

A b r i e f  review of t h e  e x t r a p o l a t i o n  n e u r a l  n e t  i s  g iven  i n  t h e  next  
s e c t i o n .  W e  demonstrate  t h a t ,  i f  t h e r e  i s  no r e s t o r a t i o n  ambigui ty ,  t h e  
network converges when only  one neuron i n  t h e  network i s  al lowed t o  change 
s t a t e  a t  a  t i m e ,  o r  i f  t h e  n e t  runs  synchronously.  The performance of t h e  n e t  
i s  a l s o  examined f o r  t h e  c a s e s  of i n s u f f i c i e n t  and improper e x c i t a t i o n .  The 
network i s  shown t o  be  a b l e  t o  be  t r a i n e d  one l i b r a r y  v e c t o r  a t  a  t i m e  u s ing  

I a  Gram-Schmidt procedure.  Las t l y ,  impos i t ion  of f u r t h e r  n o n l i n e a r  c o n s t r a i n t s  

i s  sugges ted  a s  a  technique  t o  f u r t h e r  i n c r e a s e  t h e  convergence r a t e .  

11. THE EXTRAPOLATION NEURAL NETWORK 

I n  t h i s  s e c t i o n ,  w e  e s t a b l i s h e d  t h e  n o t a t i o n  f o r  t h e  e x t r a p o l a t i o n  neu ra l  
network. Consider  a  set of N cont inuous l e v e l  l i n e a r l y  independent  v e c t o r s  of 

I 
l ength  L > N:  { 2, I OSnlN ) . W e  form t h e  l i b r a r y  m a t r i x  

1 
F = I?* I . . .  - 

and t h e  n e u r a l  network in t e r connec t  ma t r ix  

where t h e  s u p e r s c r i p t  T demotes t r a n s p o s i t i o n .  W e  d i v i d e  t h e  nodes i n t o  two 
s e t s :  one i n  which t h e  s t a t e s  a r e  known and t h e  remainder,  i n  which t h e  
s t a t e s  a r e  unknown. This  p a r t i o n  may change from a p p l i c a t i o n  t o  a p p l i c a t i o n .  

Let S k ,  m be  t h e  s t a t e  of t h e  k th  node a t  t i m e  M .  I f  t h e  k th  node f a l l s  i n t o  
t h e  known ca tegory ,  i t s  s t a t e  i s  clamped t o  t h e  known va lue  ( i . e .  S,, , = f k  ) .  

The s t a t e s  of t h e  remaining " f l o a t i n g "  neurons a r e  equa l  t o  t h e  sum of t h e  
i npu t s  i n t o  t h e  node. That i s ,  S,, , = ik where 
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I f  a l l  neurons change s t a t e  s imulaneously (i .e. S, = S,, ,-, ) , t hen  t h e  n e t  i s  
s a i d  t o  o p e r a t e  synchronously.  I f  on ly  one neuron changes s t a t e  a t  a  time, 
t h e  network i s  o p e r a t i n g  asynchronously.  

L e t  P  be  t h e  number of clamped neurons.  W e  w i l l  prove t h a t ,  f o r  e i t h e r  
synchronous o r  asynchronous ope ra t i on ,  t h e  n e u r a l  s t a t e s  converge s t r o n g l y  t o  
t h e  e x t r a p o l a t e d  l i b r a r y  v e c t o r  i f  t h e  f i r s t  P  rows of F (denoted F ) form a 

-P 
m a t r i x  of f u l l  rank .  By s t r o n g  convergence, w e  mean 

M 4 00 + -3 
where 11 2 112 = xTx.  Proof of t h i s  p r o p o s i t i o n  i s  i n  Sec t ion  111. Both l i n e a r  
and n o n l i n e a r  a l t e r a t i o n  techniques  t o  improve t h e  ne twork ' s  convergence r a t e  
i s  i n  s e c t i o n  V I .  

L a s t l y ,  n o t e  t h a t  subsumed i n  t h e  c r i t e r i o n  t h a t  F be  f u l l  rank i s  the  
-P 

c o n d i t i o n  t h a t  t h e  number of l i b r a r y  v e c t o r s  no t  exceed t h e  number of known 
s t a t e s .  That i s  P 2 N .  

P a r t i t i o n  Nota t ion  

The p a r t i t i o n  o f  clamped and f l o a t i n g  nodes can change from app l i ca t i on  
t o  a p p l i c a t i o n .  The a n a l y s i s  i n  t h i s  paper ,  however, w i l l  be r e s t r i c t e d  t o  a 
s i n g l e  a p p l i c a t i o n .  Thus, wi thout  l o s s  of g e n e r a l i t y ,  w e  w i l l  assume t h a t  
neurons 1 through P  a r e  clamped and t h e  remaining nodes a r e  f l o a t i n g .  We 
adopt  t h e  v e c t o r  p a r t i t i o n i n g  n o t a t i o n  

-3 -3 ;f 
where i i s  t h e  P- tup le  of t h e  f i r s t  P  e lements  of i and 1 i s  a  v e c t o r  of the  

P 
remaining Q = L - P .  W e  can  t h u s  w r i t e ,  f o r  example Q 

Using t h i s  p a r t i t i o n  n o t a t i o n ,  w e  can d e f i n e  nodal  clamping ope ra to r  by 

-3 
Thus, t h e  f i r s t  P  e lements  of i a r e  clamped t o  ?, . The remaining Q nodes 
" f l o a t " .  

P a r t i t i o n i n g  n o t a t i o n  f o r  t h e  i n t e r connec t  ma t r ix  w i l l  a l s o  prove use fu l .  
Define 

where T i s  a  P  by P  and T a  Q by Q ma t r ix .  The s u b s c r i p t s  a r e  motivated by 
-2 -4 T 

quadran t  l o c a t i o n .  S ince  T 1s symmetric ( T = T  ) ,  s o  i s  T and T Furthermore 
T -2 -4 ' 

T =T  
-1 -3' 



111. CONVERGENCE PROOFS 

In  t h i s  s e c t i o n ,  w e  prove convergence of t h e  networks f o r  synchronous 
operat ion and f o r  a  c a s e  where on ly  one neuron a t  a  t i m e  changes s t a t e .  Both 
proofs r e q u i r e  F be f u l l  rank.  The behaviour  of t h e  network when F i s  not  

-P -P 
f u l l  rank i s  a l s o  addressed .  

A .  Synchronous Opera t ion  

For synchronous ope ra t i on ,  t h e  network i t e r a t i o n  i n  ( 2 )  can be  w r i t t e n  a s  

The known n e u r a l  s t a t e s  a r e  t hen  imposed t o  g e n e r a t e  t h e  updated s t a t e  v e c t o r  

Thus, t h e  i t e r a t i v e  s t a t e  equa t ion  can be w r i t t e n  a s  

This  o p e r a t i o n  can b e s t  be v i s u a l i z e d  i n  an L dimensional  H i l b e r t  space .  
The 2 mat r ix  o r thogona l ly  p r o j e c t s  any v e c t o r  on to  N d imens iona l  subspace,  T,  
formed by t h e  c l o s u r e  of t h e  l i b r a r y  v e c t o r s  [ 4 ] .  The clamping ope ra to r ,  9, 
or thogonal ly  p r o j e c t s  on to  Q dimensional  l i n e a r  v a r i e t y ,  q, formed by t h e  set 
of a l l  L t u p l e t s  wi th  t h e i r  f i r s t  P  elements  equa l  t o  2 According t o  Von 

P - 
Neumann's a l t e r n a t i n g  p r o j e c t i o n  theorem [ 5 , 6 ] ,  a l t e r n a t i n g  or thogonal  
p r o j e c t i o n s  between two l i n e a r  v a r i e t i e s  s t r o n g l y  converge t o  a  p o i n t  common 
t o  bo th .  C lea r ly ,  t h e  l i b r a r y  v e c t o r  2 i s  common t o  bo th  T and q .  The 
requirement t h a t  $ i s  f u l l  rank a s s u r e s  t h a t  d i s  t h e  on ly  p o i n t  of 
i n t e r s e c t i o n  and ou r  proof i s  complete.  Note t h a t  t h e  network w i l l  p rope r ly  
converge f o r  any i n i t i a l i z a t i o n  of t h e  f l o a t i n g  neuron s t a t e s .  

Convergence So lu t ion  

For a  g iven  p a r t i t i o n  wi th  P  clamped neurons,  ( 3 )  can be  w r i t t e n  i n  
p a r t i t i o n e d  form a s  

The s t a t e s  of t h e  P  clamped neurons a r e  no t  a f f e c t e d  by t h e i r  i n p u t  sum. 
Thus, t h e r e  i s  no c o n t r i b u t i o n  t o  t h e  i t e r a t i o n  by T and T W e  can 

-1 -2 ' 
e q u i v a l e n t l y  w r i t e  ( 4 )  a s  

- 
1 Q - [ T3 I T4 1 - +'P ] 

- SM. Q 



I f  t h e  s p e c t r a l  r a d i u s  of T i s  less than  one, t h e  s t e a d y  s t a t e  s o l u t i o n  of 
-4 

t h i s  d i f f e r e n c e  equa t ion  can be  w r i t t e n  a s  

W e  have shown t h a t ,  i f  F i s  f u l l  rank, 
-P 

That i s ,  t h e  s t e a d y  s t a t e  s o l u t i o n  i s  t h e  e x t r a p o l a t i o n  of t h e  l i b r a r y  vector 
2 ' -  rtp 1 1 ~ 1 ~ .  

5. S e q u e n t i a l  Opera t ion  

An asynchronous network can be  d e f i n e d  a s  one i n  which two o r  more 
neurons do no t  change s t a t e  a t  t h e  same t i m e  [ 7 ] .  Subsumed i n  t h i s  concept 
i s  s e q u e n t i a l  o p e r a t i o n  wherein n e u r a l  s t a t e s  a r e  updated p e r i o d i c a l l y  in  
indexed o r d e r .  That is ,  neuron 1 i s  al lowed t o  change. Then neuron 2 i s  
updated.  A f t e r  eve ry  ( f l o a t i n g )  neuron i s  al lowed t o  change, t h e  procedure i s  
i t e r a t i v e l y  r epea t ed .  

The convergence proof f o r  s e q u e n t i a l  ope ra t i on  i s  based on (5 )  which can 
be w r i t t e n  a s  

3 + 
where A = ( I - T ) , d = T 2 and y  = S,, Q. Then, t h e  s e q u e n t i a l  ope ra t i on  

- -4 -3 P 

3 
converges t o  t h e  d e s i r e d  v e c t o r ,  y, i f  t h e  s p e c t r a l  r a d i u s  of 2 i s  less than 
one. The proof  i s  s i m i l a r  t o  t h a t  f o r  t h e  Gauss-Seidel algorit%m [ 8 ]  but i s  
no t  i nc luded  h e r e  due t o  space  l i m i t a t i o n s .  

C .  Resu l t s  of Noncompliance wi th  Conversion C r i t e r i a  

1. The Underdetermined Case: 

I f  F i s  n o t  f u l l  rank, t h e  i n t e r s e c t i o n  of t h e  l i n e a r  v a r i e t i e s  ?l and T 
resu l t sbPin  a  l i n e a r  v a r i e t y ,  'Ir, of p o s i t i v e  dimension. (V i sua l i ze ,  fo r  
example, two p l a n e s  i n t e r s e c t i n g  i n  t h r e e  s p a c e ) .  The n e u r a l  network, i n  t h i s  
case ,  w i l l  converge t o  t h a t  p o i n t  i n  'Ir c l o s e s t  t o  t h e  i n i t i a l  s t a t e  vector,  + 3 [ 9 ] .  Equ iva l en t ly ,  S, i s  t h e  or thogonal  p r o j e c t i o n  of 3, onto  3 / .  This 
r e s u l t  i s  g e o m e t r i c a l l y  i l l u s t r a t e d  i n  F ig .  1. 



2 .  Improper clamping 

Consider t h e  c a s e  where t h e  P  clamped neurons a r e  no t  t h e  f i r s t  P 
elements of any l i b r a r y  v e c t o r .  The networks w i l l  respond i n  one of two ways: 

( a )  I f  t h e  i n i t i a l i z a t i o n  i s  a  l i n e a r  combination of t h e  columns of F  
--PI 

t hen  w i l l  be  t h e  same l i n e a r  combination of t h e  columns of F 
-Q' 

(b )  Otherwise,  t h e  l i n e a r  v a r i e t y  'll formed by t h e  i n i t i a l i z a t i o n  does no t  
i n t e r s e c t  t h e  subspace T .  A s  i l l u s t r a t e d  i n  F i g .  3,  t h e  networks w i l l  
converge t o  t h a t  p o i n t  on t h e  l i n e a r  v a r i e t y  c l o s e s t  t o  t h e  subspace 
[ l o ] .  

When T and r\ do i n t e r s e c t ,  t h e  sum of t h e  i n p u t s  f o r  t h e  clamped nodes 
approaches t h e  clamped v a l u e s .  This  i s  no t  t h e  c a s e  f o r  non- i n t e r s e c t i o n .  
( In  f i g .  2 ,  f o r  example, u s ing  t h e  i npu t  sums a s  t h e  s t a t e s  f o r  t h e  clamped + -3 
nodes r e s u l t s  i n  U r a t h e r  t han  S,). A l a r g e  d e v i a t i o n  between t h e  clamped 
values and t h e  i n p u t  sum i n  s t eady  s t a t e  t h u s  imp l i e s  improper clamped 
va lues .  

I V .  LEARNING 

The equa t ion  f o r  t h e  i n t e r connec t  m a t r i x  i n  (1) i s  computa t iona l ly  
unacceptable .  A b e t t e r  procedure i s  t o  t r a i n  t h e  n e u r a l  network one l i b r a r y  
vec tor  a t  a  t i m e .  The r e s u l t  i s  a  procedure f o r  t e a c h i n g  t h e  n e u r a l  networks 
new l i b r a r y  v e c t o r s .  

Assume w e  have an i n t e r connec t  ma t r ix ,  T, and wish t o  upda te  t h e  
i n t e r connec t s  onding t o  a  new l i b r a r y  v e c t o r ,  2. A s  i l l u s t r a t e d  i n  
Fig.  3, T? 

+ 
i s  or thogonal  t o  T .  The E v e c t o r  can e a s i l y  be  computed by one synchronous 
i t e r a t i o n  of t h e  n e t  a f t e r  imposing s t a t e s  equa l  t o  2 on t h e  neurons.  

+ 
W e  wish t o  ex tend  t h e  dimension of T by one i n  t h e  d i r e c t i o n  of E .  Since 

Z/IIZII i s  t h e  u n i t  v e c t o r  o r thogonal  t o  T,  t h e  updated i n t e r c o n n e c t  m a t r i x  
+ +T + E E 

T = T + -  - - +T + 
E E 

now p r o j e c t s  any L t u p l e t  on to  t h e  new subspace formed by t h e  c l o s u r e  of T + 
and E o r ,  e q u i v a l e n t l y ,  T and 2. This  procedure i s  s i m i l a r  t o  t h a t  of Gram- 
Schmidt o r thonorma l i za t i on .  

C lea r ly ,  i f  ( I - - T ) 2  = 8, t h e  new l i b r a r y  v e c t o r  i s  a l r e a d y  i n  t h e  
subspace T and no updat ing  i s  r e q u i r e d .  I n  p r a c t i c e ,  computa t iona l  accuracy 
w i l l  r a r e l y  a l low an e x a c t  e q u a l i t y  he re .  The r e s u l t  i s  t h a t  t h e  dimension of 
t h e  subspace would be i nc reased  i n  a  random d i r e c t i o n  d i c t a t e d  by 
computat ional  o r  o t h e r  n o i s e .  Thus, i n  o r d e r  t o  a s s u r e  t h e  networks i s  

+T + 
l e a r n i n g  something u s e f u l ,  it i s  t h u s  a d v i s a b l e  t o  compare E E t o  some 
app rop r i a t e  t h r e s h o l d  p r i o r  t o  upda t ing  [ I l l .  



V .  IMPROVING CONVERGENCE 

A c l a s s i c  t echn ique  t o  improve i t e r a t i v e  convergence a lgor i thms  i s  
r e l a x a t i o n .  Such t echn iques  a r e  d i s cus sed  elsewhere [1 ,12 ] .  

An a l t e r n a t e  t echn ique  f o r  improving t h e  convergence r a t e  i s  by imposing 
a d d i t i o n a l  c o n s t r a i n t s  i n  t h e  i t e r a t i o n  p roces s .  Consider ,  f o r  example, 
p l a c i n g  a dynamic range c o n s t r a i n t  on each f l o a t i n g  node: 

That is ,  each  node o p e r a t e s  l i n e a r l y  between t h e  lower and upper t h r e s h o l d .  
I f  t h e  i n p u t  sum exceeds t h e  upper t h r e sho ld ,  P k ,  t h e  n e u r a l  s t a t e  become P k .  
A s i m i l a r  s u b s t i t u t i o n  f o r  t h e  lower t h r e s h o l d  a,, i s  made when a p p r o p r i a t e .  

Neural  t h r e s h o l d s  can e i t h e r  be  predetermined o r  programmed. I f ,  f o r  
example, t h e  l i b r a r y  v e c t o r s  correspond t o  p i x e l  g r ey  l e v e l s ,  predetermined 
t h r e s h o l d  va lues  can be  p l aced  a t  ze ro  and one. A l t e r n a t e l y ,  t h e  neu ra l  
t h r e s h o l d s  can be  programmed du r ing  l e a r n i n g .  I f  t h e  kth element of a  new 
v e c t o r  l ies between a, and p,, t h e n  no change i s  r e q u i r e d .  I f  t h i s  i s  not  t h e  
ca se ,  e i t h e r  a, and pk a r e  equa ted  t o  t h e  new va lue .  A f t e r  l e a r n i n g  i s  
completed, w e  have 

and 

Pk = max f n k  
lSnlN 

Upper and lower t h r e s h o l d i n g  t h e  elements  of a  v e c t o r  a t  p r e s e t  va lues  
can be  viewed a s  t h e  p r o j e c t i o n  of t h e  v e c t o r  on to  a  box t h e  dimensions of 
which a r e  s p e c i f i e d  by t h e  t h r e s h o l d  va lues .  A s  i l l u s t r a t e d  i n  F ig .  4 ,  t h e  
convergence r a t e  of t h e  n e t  can be  improved by t h i s  p rocedure .  

Convergence can be proven by an appea l  t o  t h e  r e s u l t s  of Youla and Webb 
[ l o ]  who show t h a t  a l t e r n a t e l y  p r o j e c t i n g  between two o r  more i n t e r s e c t i n g  
convex sets1 r e s u l t s  i n  convergence t o  a  p o i n t  common t o  a l l  of t h e  sets. 
S ince  t h e  box, l i n e a r  v a r i e t y  and subspace a r e  a l l  convex, t h e  theorem i s  
a p p l i c a b l e  h e r e .  Furthermore, s i n c e  we've r e q u i r e d  a  s i n g l e  p o i n t  of 
i n t e r s e c t i o n  between T and q, t h e  t h r e e  set p r o j e c t i o n  procedure converges t o  
a  s i n g l e  p o i n t .  

A set % i s  convex i f  0% + (1 - a) y  E 'QI 'J x,y  E 'QI over  t h e  i n t e r v a l  
O s a s l .  



VI . CONCLUDING REMARKS 

We have examined various properties of a continuous level neural network ' capable of extrapolating stored library vectors. Topics on which we will be I 
reporting in the future include an analysis of the effects of relaxation on 
convergence, an analogous table lookup neural network, alternate but 
algorithmically equivalent computational architectures, fault tolerance 
properties and effects of input, system and detector noise. 
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