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Abstract 

The problem of the discrete time detectfon 
of a known constant signal i n  addi t ive white sta- 
t jonary Laplace nofse i s  considered. Both t h e  
Neyman-Pearson optimal detector and the 1 tnear 
detector a re  treated. Convenient expressions f o r  
t h e  d i s t r i b u t i o n  functions o f  the t e s t  s t a t i s t i c s  
are given. These expressions al low one t o  deter- 
mine the performance o f  the detectors i n  a compu- 
t a t t ona l l y  convenient manner. 

Int roduct ion 

Recent 1 y ,  there has been considerable i n -  
te res t  i n  the detection o f  signals i n  non-Gaussian 
noise. A1 though the assumption of Gausslan noise 
i s  frequently j us t i f i ed ,  such as i n  UHF, i n  o the r  
cases, such as ELF, t h e  assumption i s  de f i n i t e l y  
unjust i f ied.  One form o f  frequently encountered 
non-Gaussian noise i s  t ha t  known as qmpulsive 
noise,; Impulsive noise i s  typ ica l  f y  character- 
ized as noise whose d i s t r i b u t i o n  has an associ- 
ated "heavy t a i l "  behavior, That i s ,  the prob- 
abil f ty densi ty  function (pdf )  approaches zero 
more slowly than a Gaussian pdf. The references 
i n  [ I  1 and [2] g i v e  a summary of some forms o f  
impulsive noise and sf tuat ions where f t a r i s e s .  
In t h i s  paper we consider t h e  discrete time de- 
tec t fon  of a known constant s igna l  i n  addi t ive 
white Laplace noise, That i s ,  the p d f  o f  the 
noise i s  given by 

Notice tha t  Laplace nolse has the "heavy t a i l "  
behavior associated wi th impulsive noise. 

The Laplace d i s t r i bu t i on  i s  popular i n  sta- 
t i s t i c s  and many o f  i t s  propert jes have been 
studied [3], Furthermore, i t  3 s  used as a noise 
rodel i n  engineering studies. For example. 
M i l l e r  and Thorns [I] used Laplace nofse f n a 
numerical study o f  r e l a t i v e  eff iciency. Bern- 
stein, e t .a l  . [4] comment on the non-Gaussqan 
nature of ELF atmospheric noise, and they gtve  a 
p l o t  o f  a typical  experimentally detemfned pdf 
associated wi th such noise [4, Figure TO] .  This 
experimentally determined p d f  Cs s im i l a r  t o  a 
Laplace pdf, and on a l fnear  graph the di f ference 
I s  barely dlst inguishabl e. Mertz [53 proposed 
the fo l lowing pdf for the amp1 i tude d i s t r i b u t i o n  
o f  impulsive noise: 

Notice that  i f  we l e t  

v = h - 7  , 
Y 

then 

l i m  f ( x j  = rewYX , x 2 0  . 
h- 

Thus the l i m i t i n g  case of the Mertz model f o r  
the amp1 i tude d i s t r i b u t i o n  OF impulsive noise i s  
ident ica l  to  the d i s t r i bu t i on  o f  the amplitude of 
Laplace noise. Kanefsky and Thomas [63 consid- 
ered a class o f  generalized Gaussian noises, ob- 
t a i  ned by general i z i ng  the Gaussian density t o  
obtain a variable ra te  o f  exponential decay. The 
Laplace d i s t r i bu t i on  i s  w i th in  t h i s  class .of gen- 
eral  ized Gaussian d is t r ibu t ions .  A1 so, Dutt- 
wei ler  and Messerschmf tt [?I re fe r  t o  the Laplace 
d is t r i bu t i on  as a model f o r  the d i s t r i bu t i on  o f  
speech. 

In the next section we present a b r i e f  
sumnary of the problem. Then i n  the fo l lowing 
section we develop convenient expressions f o r  the 
d i s t r i bu t i on  functions o f  the t e s t  s t a t i s t i c  un- 
der both hypotheses. Final ly ,  some corments on 
the  l i nea r  detector are given and severa l  exam- 
pJes a re  given t o  i l l u s t r a t e  the usefulness o f  
the resul ts.  

Prel lminaries 

We consider tes t ing  for  the presence o r  
absence o f  a posi t ive,  constant signal s, f n  
add i t i ve  taplace noise. We assume tha t  the noIse 
samples are s t a t i s t i c a l l y  independent. (A re- 
s t r i c t e d  rece ive r  bandwidth might cause t h i s  as-  
sumption to  be violated.) The problem I s  modeled 
as the fo l lowing hypothesis tes t ing  problem: 

Based on the observations [xi, i = 1,2,. . . ,N} :  
we are t o  decide t o  announce tha t  the signal rs 
absent or present. The quant i ty  a w i l l  denote 
the probab i l i t y  o f  fa lse  alarm; t ha t  I s ,  a. i s  the 
probabi 1 i t y  of Sncorrectly announcing HI. Sfm- 
i l a r l y ,  6,  the detectfon probabi l i ty ,  .Is t h e  
probabil i t y  o f  correct ly  announcing HI . 

The Neyman-Pearson optimal detector i s  a 
detector which, f o r  a f i xed a ,  w i l l  maximize 5. 
The optjmal detector f o r  our problem i s  well  
known [8], and is j l l us t ra ted  i n  Figure 1. The 
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obse rva t i ons  a r e  passed through a zero memory 
n o n l 7 n e a r i t y  g ( . ) ,  and then summed. The r e s u l t  
i s  t h e n  compared t o  a t h resho ld .  The t h r e s h o l d  
T i s  chosen t o  g i v e  the desired f a l s e  alarm 
p r o b a b i l i t y .  The non l  i n e a r l t y  g ( . ) ,  i l l u s t r a t e d  
i n  F i g u r e  2, i s  given by t h e  f o l l o w i n g  expres- 
sion: 

X > S 

( 2  

For the optima7 de tec to r ,  t h e  t e s t  s t a t i s -  
t i c  t +is g iven  by t h e  f o l l o w i n g  sum o f  indepen- 
dent ,  Ident ica l ly  d i s t r i b u t e d  random va r fab les :  

l f  t h e  d i s t r i b u t i o n  of  t h i s  sum were known, then 
the  d e t e c t i o n  and f a l s e  a la rm p r o b a b i l i t i e s  c o u l d  
be found, and the performance o f  t h e  d e t e c t o r  

' would be known. However, p a s t  a t tempts  a t  ob- 
t a i n i ng  a simp1 e exp ress ion  f o r  t h i s  d i s t r f  b u t i o n  
have n o t  been success fu l .  A lengthy and complex 
r e c u r s i o n  scheme fo r  o b t a i n i n g  t h i s  d i s t r i b u t i o n  
has been cons idered by M i l  1 e r  and Thomas [I , 91. 
I f  N were s u f f i c i e n t l y  l a rge ,  the Cen t ra l  L i m i t  
Theorem would apply, and the d i s t r i b u t i o n  o f  t 
would be approx ima te l y  normal. However, the 
small sample performance o f  t h e  detector  would 
s t i l l  be unknown (see, f o r  example. [ I ,  101).  
A l te rna t fve ly ,  one could e s t a b l i s h  bounds on t h e  
d e t e c t i o n  and f a l s e  a l a r m  p r o b a b i l i t i e s ,  and thus 
e s t a b l  ish a bound on d e t e c t o r  performance; o r  
Monte Carlo s i m u l a t i o n  may b e  employed. I n  gen- 
eral,  however, i t  would be des i rab le  t o  have a 
conven ien t  exp ress ion  f o r  t h e  probabi  l i t y  d i s -  
t r i b u t i o n  o f  t h e  t e s t  s t a t i s t i c  t. 

The Neyman-Pearson Opt imal De tec to r  

I n  t h i s  s e c t i o n  we d e r i v e  an express ion f o r  
the d i s t r i b u t i o n  o f  t h e  t e s t  s t a t i s t i c  f o r  t h e  
Neyman-Pearson op t ima l  detector .  The t e s t  s t a -  
t i s t i c  i s  ob ta ined  by pass ing each o f  the obser-  
va t i ons  th rough the  nonl  i n e a r i  ty g ( . ) ,  g i v e n  by 
Eq. (21, and summing the  outputs. 

We f i r s t  cons ide r  the case o f  no s igna l ,  
i . e .  H,. I f  X i  has a Laplace d i s t r i b u t i o n  given 
by Eq. ( I ) ,  t h e n  g(Xi) w i l l  have t h e  f o l l o w i n g  
d i s t r i b u t i o n  f u n c t i o n :  

+ 7 ,-us 
S u(x-ys) , (3)  

where u(.) denotes the u n i t  step func t i on  g i ven  

I 1, x , o  
u ( x )  = 

0, x < o  
and G(.) denotes t h e  gate f u n c t i o n  g i v e n  by 

The d i s t r i b u t i o n  f u n c t i o n  F N ( . )  of the t e s t  
s t a t i s t i c  t i s  g i v e n  by 

where Fl ( x )  = F (x ) .  
The F o u r i e r - S t l e l  t j e s  t rans form o f  Eq. (3)  

i s  given by 

where j denotes t h e  imaginary  u n i t .  A s t r a i g h t -  
forward c a l c u I a t i o n  y i e l d s  t ha t  

L e t t i n g  S N ( ~ )  denote t h e  F o u r i e r - S t i e l  t j e s  t r ans -  
fo rm o f  FN(x), we get t h a t  

Us ing  t h e  b inomia l  expansion, i t  fo l l ows  f rom 
Eqs. ( 4 )  and (5) t h a t  

Express ing the h y p e r b o l i c  s ine  and h y p e r b o l i c  
cos ine  In terms o f  complex exponen t fa l s  results 
i n  

Using the binomia l  expansion a g a i n  y i e l d s  



FN{w) = exp 

A s t ra ight fonvard simpl i f i c a t i o n  results i n  the 
fo l lowing expression: 

Not ice t h a t  A ( w )  belongs t o  L and thus possesses 
an inverse Fourjer transform h x ) ,  defined a s  a 
l i m i t  i n  the mean. 

Using contour in tegrat ion,  the res idue theorem, 
and Jordan's lemma [Ill, we obtain, f o r  kzl, 

~ x + ( ~ - 2 ~ - 2 s ) y s l  k'l 1 
expi- $x+EN-Pp-Pq)rsJ] 

(k-1 )! 

~[x+(N-Zp-Zq)~s]  . 
After simpl l f i ca t i on ,  we obta in 

, 1 . N ~ k  [ x + ( N - z ~ - ~ ~ ) ~ s I ~ "  
p=O p! (k-p) ! q*Cl q 1 (N-k-q) ! 

ur~+(N-Zp-Zq)~s] , 

Let 

B ( x )  = A(v)  dv . 
\:m 

Upon performing the i n t eg ra t i on  (see '[l PI), we 
obtaln 

r 2 ~ + 1  
I - {(-I )r-W[(~-2p-2q)ys]r-w 

w=O (r-w)! 

Thus we ge t  

Letting 

we g e t  

- expCjw(N-2m)~sJ . 
Thus 



Therefore, we see tha t  FN(x) = B(x) + C ( x ) ,  

Le t t i ng  F ~ ) ( x )  denote the d l s t r i bu t i an  
funct ion o f  the t e s t  s t a t i s t i c  under the hypo- 
thesis H , we have, a f t e r  a straightforward ma- 
n ipu la t i l n ,  

where ek(*), the incomplete exponentiaf , I s  
defined as 

xm 
ek (x )  = 1 - . 

m=O 

We now consider the sfgnal present case, 

i .  H We l e t  F ~ ' ) ( x )  denote the d i s t r i bu t i on  

function of the t e s t  s t a t i s t i c  under HI. Since 
the Laplace pdf i s  symmetric, i t  can be shown [ I ]  
t ha t  

F(')(x) N = I - F ~ ) ( - X )  * (7 ) 

Eqs.  (6)  and ( 7 )  thus completely determine the 
performance o f  the Neyman-Pearson optimal detec- 
t o r .  

The Linear Detector 

By a l i nea r  detector, we mean a scheme such 
as t ha t  i l l u s t r a t e d  i n  Figure 1 ,  but where the 
funct ion g ( . )  i s  g ( x )  = X. That i s ,  the t e s t  
s t a t i s t i c  i s  simply the sum o f  the observations. 
The 1 inear detector l s  Neyman-Pearson optimal f o r  
Gaussian noise and i s  a comnonly used detector. 

Consider the signal  absent case, i . e m  H,. 
In t h i s  s i  tuatlon, the t e s t  s t a t i s t i c  i s  given 
by 

N 
t =  1 x i ,  

i = l  

where the X i  are independent I den t i ca l l y  d i s -  
t r ibu ted random variables wi th the pdf of Eq. (1 1. 
L e t  pN(x) denote the pdf o f  t. Then we have 
13,  p.241 

A f te r  a straightforward in tegra t ion  [12], we ob- 
t a i n  G$o) (x ) ,  the d i r t r i b u t i o n  ' function o f  the 

tes t  s t a t i s t i c  of the 1 inear  .detector under H,, 

I n  the signal present case, the tes t  sta- 
t i s t + ~  i s  given by 

N 

where, once again, the X i  are independent iden- 
t ical  ly dfs t r ibu ted random v a r i a b l e s  wi th the  

density funct ion o f  Eq. ( 1 ) .  Let  ~ / i " ( x )  denote 

the d i s t r i bu t i on  funct ion of the t e s t  s t a t i s t i c  
of the l i nea r  detector under HI. Then we have 

Eqs. (8)  and (9) completely determine the perfor- 
mance o f  the l inear  detector. 

Examples 
As an example, assume tha t  y=1, s=l , N=6, 

and tha t  we s e t  a=0.1. Then f o r  t h e  optimal 
detector, we f i n d  t h a t  the threshold i s  given by 
T.0.4044 and the de tec t ion  probabil i t y  i s  given 
by 6~0.809. For the l i nea r  detector, we get tha t  
the threshaTd 1s T=4.3265 and the detect ion pro- 
b a b i l i t y  i s  g iven by ~ r 0 . 6 9 6 .  

Now we s e t  ~ ~ 0 . 0 1 ,  wi th v=l  . s=T. N=6. as 
above. For the optimal -detector, -we f i n d  t ha t  
T.2.7327 and that  8 4 . 4 1 8 .  For the 1 inear  de- 
tector, we g e t  that  Tz8.43 and 8=0.23. 

As another example, assume tha t  ye? ,  s=l ,  
N=36, and tha t  we set ~ ~ 0 . 1 .  For the optimal 
detector, we f i n d  that  the threshold i s  given by 
T=-6.9234 and the detection probabil i t y  i s  given 
by 820.999957. For the l i nea r  detector, we g e t  
t ha t  T=10,824 and P0.9982. 

Now we se t  u=O.Ol, wi th y=l  , s-l , and N=36. 
For the optimal detector, we get T=-1.5093 and 
8-0.998. For the l i nea r  detector, we f i n d  tha t  
T=19.9 and 8=0.97. 

As above, we l e t  y 1 ,  s=1, N=36; and now 
we se t  a=0.001. For the optimal detector we f f nd  
that  T-2.503 and 8.0.9837. For the l i nea r  de- 
tector, we get  that  T.26.7935 and 8-0.8625. 
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Figure 1 

The Structure o f  the Opt ima?  Detector 
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The Nonl Tneari ty in the Optimal Detector 
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